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Domains

« Semantic model of a data type: semantic domain
« Examples: Integer, Natural, Truth-Value

« Domains D are more than a set of values
= Have an information ordering” = on elements—a partial order--
where x C y means (informally): "'yis as least as well-defined as
"
= Thereis a 'least defined” element L such that (V X) L. = x which
represents an undefined value of the data type
5 Or the value of a computation that fails to terminate
5 bottom”

= Domains are complete: every monotone (non-decreasing)
sequence X, L X, L---L. X L --- inDhasin D a least upper

bound, i.e., an element denoted | =(Jx suchthat (LX) x El

and | is least element with this property
1 D sometimes called a complete partial order” or CPO
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Primitive Domains

e Integer (Z, Z)

« Natural (N, N)
0 1 2 3 4

* Truth-Value (Boolean, B, B)

false true

N

C SC 520 Principles of Programming Languages



Cartesian Product Domains

© DxD, ={(x,y)[xUD,, y! D,}
" (XLY)EX,Y,) = XEXx Oy Ly,
- bottom (OO)

false true false true

e Truth-Value xTruth-Value
\D/' X \D/' —

(false, false) (false, true) (true, false) (true, true)

[><><>]

(false, L) (L, false) (L, true) (true, 1)
 Generalizes to (L,1)

. D1><D2 ><D3 X an
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Disjoint Union (Tagged union) Domains

left D, + right D, ={(left,x) | xOD,} 0{(right, y) |\ D.}
. leftx Cleft x, = x Ex, righty,Crighty, = y,CVY,

= bottom U
 left Truth-Value + right Trutgl—S\Q/aIue e e e

| eft \/ T right \/ =

L] L]
left false left true right false right true

N7 N/

left | right 1

‘\/

L
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Disjoint Union Domains (cont.)

e Convention: tags are also names for mappings
(injections)—tagging operators

D =left D, + right D,

left:D, - D

left(x) = (left, x) [=left ]
right:D, - D

right(y,) =(right,y,) [=righty,]
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Disjoint Union Domains (cont.)

« Example: union domains needed when data domains
consist of different type elements (union types): imagine a
very simple programming language in which the only
things that can be named (denoted) are non-negative
Integer constants, or variables having such as values.

Denotable = nat Natural + var Location

= Dereferencing operation:
1 Constant values dereference directly to their values
5 Variables (locations) dereference to their contents in memory

dereference: Store xDenotable - Natural
dereference( sto, nat val) =val  (no dependence on memory)
dereference( sto, var loc) = fetch(sto, |oc)
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Seguence Domains

* Consist of homogenious tuples of lengths O, 1, ... over a
common domain D

- D°£{()}&Unit D'=D D" = DxD"
D"2D°+D*+D? +.--
- Examples:  Array-Value = Value"
String =Character"-

= Concatenation operator

«:D'xD’' 5 D
(d,,d,,...,d )+ (e,e,...,e)=(d,d,,...,d ,e.e,...,e)

« Empty tuple nil  Nil =()
nile x= xe nil= x  xd D"
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Functions

A function f from source domain X to target domain Y is
= Asubsetof XXY : fCXXY (arelation)
. Single-valued: (UX,y,2) (X, yo @ (x[Z) f=>y=z
= Source domain X
« Target domain Y
= Signature f: X - Y
 Domainoff: dom f ={xOX[OM Y (x) f}
« If X =domf then f istotal ; otherwise partial
* To define (specify) a function, need to give
= Source X

« Target Y
= Mapping rule x— f(x)
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Functions (cont.)

- Example: Sq:Z -Z
sq(n) = n’

= Let R=Real. Notthe same function as:

sql:R - R
sgl(x) £ x°

= Let N = Natural. Not the
same as:

sg:N - N
(i) 2%
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- fun sq(n:int):int = n*n;

val sqg =fn : int ->int
- sq(3);

val it =9 : int

- sq(1.5);

stdlin:11.1-11.8 Error: operator and
operand don't agree [tycon m smatch]
operator domain: int operand: real

I n expression: sq 1.5

- fun sql(x:real):real = x*x;
val sgql = fn : real -> real

- sgl(1.5);

val it = 2.25 : real

- 591(3);

stdlin:16.1-16.7 Error: operator and
operand don't agree [literal]

operator domain: real operand:int
I n expression: sql 3
- 10



Defining Functions

« Two views of "mapping”
= Extension: view as a collection of facts

square:Z - Z

square={(0,0),(11,(-11(2,4),(-2,4)(3,9),...} UNx N

= Comprehension: view as a rule of mapping

square:Z - Z

- Combinator form:
- A-abstraction form:

= Typed A-calculus

square:Z - Z=Ay:Z.y*y

= In ML
o A=fn
0 = =>
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square(X) = xX* x
square= Ay.y*y

=> e)

- fun square(x) = x*x;

val square = fn : int ->int
- square(4);

val it =16 : int

- val square = (fny => y*y);

val square = fn : int ->int
- square(5);
val it =25 : int

11



Defining Functions (cont.)

« Examples of A-notation defining functions
dist:R xR — R 2 A(U,V)./(u-V)?
double:Z -~ Z £An:Z.n+n
successor :Z -~ Z £An:Z.n+1l
twice:(Z - Z) - (Z - Z)2Af:(Z - Z)An:Z.f(f(n))
compose:(Z — Z) - (Z - Z) - (Z - Z) 2 Af.(Ag.(n.f(g(n))
e [

dist(0,):R - R 2 Ava\?

. twice(double):Z ~ Z =An:Z .4

5 twice(successor):Z — Z £An:Z.n+2

" (compose(successor ))(double):Z -~ Z £An:Z.2M+1
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Defining Functions (cont.)

- val double = (fn n => n+n);

val double = fn : int -> int

- val successor = (fn n => n+1);
val successor = fn : int -> int
- val twice = (fnf => (fnn => f(f(n))));

val twwce =fn : ('a ->"'a) ‘a ->"'a
- val twce = (fnf : int ->int => (fn n :
val twwce =fn : (int ->int) ->int ->1int

- val td = tw ce(doubl e);
val td =fn : int ->int

- td(3);

val it =12 : int

- val ts = tw ce(successor);

val ts =fn : int -> int
- ts(3);
val it =5 : int

C SC 520 Principles of Programming Languages

=> 1(f(n))));
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Defining Functions (cont.)

- fun doubl e(n) = n+n;

val double = fn : int -> int

- fun successor(n) = n+l;

val successor = fn : int ->int

- fun twice(f)(n) = f(f(n));

val twce =fn: ('"a->"a) ->"'a ->"a

- fun twce(f : int ->int )(n: int) =f(f(n));

val twwce =fn: (int ->int) ->int ->int

- fun td = tw ce(doubl e);

stdln:39.5-39.7 Error: can't find function argunents in cl ause
- tw ce(double)(3);

val it =12 : int

- tw ce(successor)(3);

val it =5 : int

- fun compose(f)(g)(n) = f(g(n));

val conpose =fn: (‘fa->"'b) ->('c ->"a) ->"'c ->"'D
- val csd = conpose(successor) (doubl e);

val ¢csd = fn : int -> int
- ¢sd(3);
val it =7 : int

C SC 520 Principles of Programming Languages
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Function Domains

Elements are functions f :D, - D, fromadomain to
another

Domain of functions denoted D, -» D, (or [D, - D,])

Not all functions—must be monotone: if f L1D,— D,
ny ﬁ Dl XEDl y:> f (X) ED2 f (y)
= ldea: more info about argument = more info about value

Ordering on domain D, —» D,
TCp.p, 9 = (X D T(X)5,, 9(x)

—D, - D,
Bottom element of domain D, — D,
A
o, _p,= AXO
= “totally undefined” function
Technical requirement: functions must be continuous:
[1 monotonechainsx, Ex, C--- = f(Ux)=Uf(x)

15
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Function Domains (cont.)

 (Truth-Value - Unit) false true ()

~N L |
[

f ]
t>()
L/, L

T Models procedures
(void functions) that
f L take a boolean and
t () return, or not ...
1 — 1
f \ e T~
t 0 t i ()
1 l 1 1 27

1 f 2"

N/ 10
tg()

1 1
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Function Domains (cont.)

e (Truth-Value - Truth-Value)

Exercise!
Be careful about monotonicity!

C SC 520 Principles of Programming Languages

false true false true

NN
N N
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A-Calculus

e Let ebe an expression containing zero or more
occurrences of variables X, X,,..., X

- Let da /x] denote the result of replacing each
occurrence of x by a

» The lambda expression AXX,...X .€
= Denotes (names) a function
= Value of the A-expression is a function f such that

Uaa,...a, f(a,a,...,aF
value of expression ga, / x,,a,/ X,,...,a [ X ]

= Provides a direct description of a function object, not indirectly via
its behavior when applied to arguments

C SC 520 Principles of Programming Languages 13



A-Calculus Examples
© EBxamplet o) —that function that if

appliedto a resultsinala"
SO = AX.(X [X)

- Example:  zval ="the functional that when
applied to function f resultsin f (0)"
val = Af. f(0)

« Example:
compose = the functional that when applied to functions

f and g resultsin the funtion Ax.f(g(x))"
compose=Af.(Ag.AX(T(g(x)))))

C SC 520 Principles of Programming Languages
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A-Calculus Examples (cont.)

* Functionals: functions that take other functions as
arguments or that return functions; also higher-
type functions

« Example: the definite integral j;f(U)du ('R -R)

; ‘R -R) >R

o]

0

| :Af.jolf(u)du

» Example: the indefinite integral joxf(u)du (f:R -R)
X o _ X .
joudu—g jo.(R ~R) - (R -R)

[ (Az2)=A x.Xg [ = f.(/] X[ (u)du)

C SC 520 Principles of Programming Languages
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A-Calculus Examples (cont.)

 Example: Integration routine
trapezoidal :R xR xR x(R -R) >R

[(b=a)/n]
trapezoidal = Ahabf .h[é Z f(a+i) —(f(a) +f(b))/2j

=0
« Example: summation “operator” >_ f(i) (f:N -R)
=0
> (N -R) =R

St amn=n+l S (Amm) = ”(”2+1)

D>, (N -R) - (N -R)
> (AmD =An.(n+1)
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A-Calculus Examples (cont.)

 Example: derivative operator
XDx"=nx"* D3 =0()
D:R -R)- (R -R)
D (/l x.x”) = (/] x.nx”‘l)
« Example: indexing “operator”
Postfix [1]: IntArray - Integer

[i]=Aaa[i]
« Example: “funcall” or “apply” operator
= Signature apply: (A - B) - A ->B

= Combinator definition apply(f)(a)= f(a)
= Lambda definition apply =Af Aa.f(a)

C SC 520 Principles of Programming Languages

22



C SC 520 Principles of Programming Languages

Currying (Curry 1945;Schonfinkel 1924)

Transformation reducing a multi-argument function to a

cascade of 1-argument functions
curry: (X xy -Z) - (X > -2)

f.XxXY - Z curry(f):(X -Y) - Z
f=A(X,y).f(x,y) curry(f)=AxAy.f(X,y)
[ currg AfAXAY.T(XY)
Examples  curry("=") = AxAy.(x=y) ["=" =A(x, y)(X ~Y)]
curry("=")(3) =Ay.(3-y)
curry("*")(2) = Az(2z) =double
Applying curry(f) to first argument ayields a partially
evaluated function f of its second argument: f(a,-)

Ay.f(ay)

23



Currying (cont.)

 Example: machine language curries
+=JaAb.(a+h)

= Assume contents(A)=a and contents(B)=Db

LDA A

ro = AaAb.(a+b)+
ADD B }r 0= Ab.(a+b)

C SC 520 Principles of Programming Languages
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A-Calculus Syntax

 Lanbda=expression | d=identifier Ab=abstraction
Ap=application
Lanbda -I1d | Ab | Ap
Ab - (A Id . Lanbda)
Ap - (Lanbda Lanbda)

ld - x| vy | z |

e Examples ((xy)2)
(x)
(Ax.(Ay.Az((xy)2) )))
(AX.(AYy.X))
(Ax.(Ay.(A z(x(y2)) )))
(Ax.(Ay.(sart(( plus(square x))(square y)))))
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A-Calculus: simplified notation

e Conventions for dropping () = disambiguation needed

* Rules for dropping parentheses
= Application groups L to R

xyz=((xy)2)  x(yz) = (x(y2))

Application has higher precedence than abstraction

Axyz= (Ax(y2))  (Axy)z=(Axy)2)
Abstraction groupts R to L

AxAyAze2 A x( y.Q ze))

Consecutive abstractions collapse to single A

Axyze= AxAyA ze
Example: S 2 (Ax(Ay.A z((x2)(y2))))) =
S = Axyz.(x2)(yz) =Axyzxz(yz)
% Axyz.(x2) yz = (AxA y.(A 2(((x2) ) 2))))

C SC 520 Principles of Programming Languages
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Variables: Free, Bound, Scope

« Metavariables:

occurs. Lanbda - (I d - B)

I:1d L:Lanbda
* Type the semantic function

e one rule per syntactic case (syntax-driven)
= [ ] are traditional around syntax argument

occurs|| | [|x = (I =x)

occurs:/l I L

occurs| L, L, |

X = 0CCUrs

X = 0CCUrs

L]

[L [x O occurs|L,]x

* Note: In expession Ax.y the variable x does not occur!

C SC 520 Principles of Programming Languages
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Variables: Free, Bound, Scope (cont.)

e occurs bound: Lanbda - (I d - B)
occurs_bound 1 |x = false
occurs_bound [[Al.L]x =(x =1) Ooccurs__ free| L|x
occurs_bound | L, L, [x = occurs_bound [ L]

0 occurs_bound | L, || x

d

X

e occurs free: Lanbda- (I d - B)
occurs_ free] | [x = (1 =x)
occurs_ free Al.L]x =(x #1) Ooccurs_ free] L [x

occurs_ free| L, L, |x = occurs_ free| L, || x

0 occurs_ free| L, [|x

C SC 520 Principles of Programming Languages
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Variables: Free, Bound, Scope (cont.)

* The notions free x, bound x, occur X are relative to a given
expression or subexpression

 Examples:

" (Au.(A xux)xu)

" (AXY)
- (AX(1V.y))
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Variables: Scope

 The scope of a variable x bound by an Ax prefix in an
abstraction (Ax.e) consists of all of e excluding any
abstraction subexpressions with prefix Ax
= these subexpressions are known as “holes in the scope”
= Any occurrence of xin scope is said to be bound by the Ax prefix

 Example
Bindings: N
I ! Iy !
Ay. Az x (z (y Ay. y 20 ) V)
Scopes: T
Ayl Az x (z (y [A vy 2 )|y)

hole in scope
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A-calculus: formal computation reduction rutes

e qa-conversion: formal parameter names do not affect

meaning AXe ~[1- Aydy/X]
e

substitute y for free occurrences
of xine (rename of clash occurs)

AxJ]za(xz) ~[l-»AXA Z.a(xZ)

- AzAZ . a(ZZ) ~[1- A zA Xxa(zx)

e [3-reduction: models application of a function abstraction
toits argument  (Axe)a O p_, da/x]

redex contractum

= Bx (AxAy.x)a((A xxx)(A x.xx)) O b

(Ay.a)((AXXX)(A X.xX)) 5~ a
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A-calculus: formal computation (cont.)

* n-reduction: models “extensionality”
Ax.ex [ ﬂDﬁ e

™

x not free in e (no other x occurrences in scope)

X AV.(A XX XUX))V

T

AV.(A X Xu)v (AXX(AX.UX))
I )
(AX.XU) (AX.XU)

C SC 520 Principles of Programming Languages 32



Reduction Is locally non-deterministic

(AUAV.(A WW(A X.XU))Vv)y

/\

(AUAVV(A X.XU)) Yy AV.(AW.W(A X.Xy))V

| |

AVV(A X.XY) AVV(A X.XY)
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Normal Forms

 ldentify a-equivalent expressions

A
e Reduction: 0 =(
» Reduction “as far as possible”: [0 - = (

reduced by [J[1
AZ.(AX.X)2((A X.X)Z2)

—

A2.2((Ax.X) 2)

C SC 520 Principles of Programming Languages

ﬁ_))D

AZ.(AXX)Z Z

S
ANz.zz

)

Defn: Normal Form: an expression that cannot be further



Normal Forms Don’t Always EXist

« Parallel of “non-terminating computation”
« Example: “self-application combinator”: SELF £ A X.xX
 What happens with (SELF SELF) = ((AX.XX)(A X.XX)) ?

((AX.XX)(A z.22))

lrs

(12.22)(A z.zz)

%B

Q = (SELF SELF) = ((Ax.XX)(A X.XX))

C SC 520 Principles of Programming Languages
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Computation Rules

e Leftmost Innermost (LI): among the innermost nested
redexes, choose the leftmost one to reduce

* Leftmost Outermost(LO). among the outermost redexes,
choose the letmost one to reduce
— LO

((Ayz.((Ax.x)z2)(yz))(A x.X)) (A w.a) —

((Ayz.(z(yz)) (A x.x))(Aw.a) (Az.((Ax.X)2)((A x.X)Z))(A w.a)

l l

(Az.2z((A x.x)2))(A w.a) ((Ax.x)(Aw.a))((A x.x)(A w.a))
(A z.zz)(A w.a) (Aw.a)((A x.X)(A w.a))
\ /
(Aw.a)(Aw.a)
B a 36
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B vs n --very different

e [3-reduction: abstract e, then * n-reduction: apply e, then
apply abstract
(AXx€)x Ax.ex
l parse l parse

(Ax€)X) (Ax.(ex))

no restriction >\£ E)K only if e

on e B notn-redex  not -redex n free of x

g X/ X] e
 Example: « Example:
((lanbda (x) 1+) x) - 1+ (lanbda (x) (1+ x)) - 1+
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Mixed 3 and n reductions

(AV.

AV. (AX. X(AXUx) ) Vv

1 parse

) V)

(AV.|((AX.(X]| (A X.UXx))

(Ax(x u) ) V)

)

NG

(Av.(vu))

C SC 520 Principles of Programming Languages

T

AV. (V [(AX.(ux))

A

) )



Church-Rosser: ultimate determinism

e Church-Rosser Theorem

e
}/

M, P,Q |v| _>P&I\/||:|D_,Q
—0OR PO R&QI'-R

e Corollary: If anormal form exists for an expression, it is
unique (up to a-equivalence)

VA
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Church-Rosser: says Oreduction, not forced

(Ax.a)(SELF SELF) = (Ax.a)((A x ) x.xX))

o N

a (Ax.a)(SELF SELF)
N
a (A x.a)(SELFS{Ii)
LO LI
a / (Ax.a)(SELF SELF)

LO N_‘I
Correct computation rule: if a

a normal form [ it will be o :
computed—ex: LO Incorrect (but efficient):—ex: LI

LO = normal rule = CBN = lazy LI = applicative rule = CBV=eager
Prog Lang: Haskell Prog Lang: Scheme

C SC 520 Principles of Programming Languages 40



Correct Computation Rule

* Arrule is correct if it calculates a normal form, provided one
exists

« Theorem: LO (normal rule) is a correct computation rule.

= LI (applicative rule) is not correct—gives the same result as normal
rule whenever it converges to a normal form (guaranteed by the
Church-Rosser property)

= Ll is simple, efficient and natural to implement: always evaluate all
arguments before evaluating the function

= LO is very inefficient: performs lots of copying of unevaluated
expressions

C SC 520 Principles of Programming Languages 41



Typed A-calculus

e More restrictive reduction. NO SELF = (Ax.xx)
Type .= (Type -Type) | Primlype
Lanbda ::=1d (Lanbda Lanbda)

(A 1d : Type . Lanbda)
ld ::= x| vy Z |

Primlype ::=1nt |

* Type Deduc_tlon Rules SMo o7 sN'o
— (axiom) (appl)
>X.r >(M N):71
>M:T pDX.Oo
(abst)
>(AX:oM).0 - T
« Eis type correct iff Ja type a such that > E:a

 Thm: Every type correct expression has a normal form
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Typed A-calculus (cont.)

« Example: SELF=(Axxx) is nottype correct

= Work backward using rules. Assume > AX:a.xx:.a@ - f& > Xy
>(XX): 5 >X.a

>AX:a.(XX):a - f = y=a=>Xxa&(XX):[0
>X:0 - f >X.0

> (XX): 5

[ >X:0 &> X.a=0=0Q

I>Xx:06 B & >&F a=>Xx.a- L
> x:a&>Xxa- [

= So a:(a' - IB) a contradiction. Therefore there is no
consistent type assignment to SELF = (AX.xX)
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Typed A-calculus (cont.)

« Example: type the expression Af.Ax fx

= Work forward
>f.a - fF >X.a

> (fX): 5
>(fX): 8 DX .a
>AX:a.(fX):.a - [

(appl)

(abst)

>Ax:.a.(fX):a - f >f.a -
>(Af:a - p.(Ax:a.(fX): (@ - B) - (a - [)

(abst)

C SC 520 Principles of Programming Languages 4



A-Calculus: History

* Frege 1893: unary functions suffice for a theory

e Schonfinkel 1924:

= Introduced “currying”
= Combinators KAB=A  SABC = AC(BC)
K= JAaba S=Aabcac(bc)
= Combinatory (Weak) Completeness: all closed A-expressions can
be defined in terms of K,S using application only: Let M be built

up from A, K,S with only x left free. Then Lan expression F built
from K,S only such that Fx=M

e Curry 1930:

= introduced axiom of extensionality: [JX FX= GX =F =G
= Weak Consistency: K=S is not provable

C SC 520 Principles of Programming Languages



A-Calculus: History (cont.)

 Combinatory Completeness Example:
= Composition functional: BXYZ 2 X(YZ) B2 ) fgx. f (gx)
- Thm: B =S(KS)K
- Prf: Notethat K £ Axy.x=KS = (Axy.X)S =Ay.S
So  S(KS) = (Axyzxz(yz))(KS) = (A yz((KS)2)(y2))
= (Ayz((Ay.S)2)(yz) =4 yz3(yz)

and S0 g(KS)K = (AyzS(y2))K =12S(K2) =12S( v.2)

= WSUAWY) ZAV.(A xyzxz(yzZ)) A w)

= AV.(Ayz.(AwV) z(yz)) =AV.(A yzVv(yz))

= WAYAZV(Y2) =A fAgAd X F(g) O
« Exercise: define C = Axyxxzy & show C=S(BBS)(KK)

C SC 520 Principles of Programming Languages
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A-Calculus: History (cont.)

e Church 1932:
s If FX=M call F “ Ax.M”

= Fixed Point Theorem: Given F can construct a @ such
that O=F®

= Discovered fixed point (or “paradoxical’) combinator:
Y ZAf. (AT (X)X T (xX))
= Exercise: Define ®=YF and show by reduction that ®=F®

e Church & Rosser 1936: strong consistency = Church-
Rosser Property.

= Implies that a-equivalence classes of normal forms are disjoint
= [ provides a “syntactic model” of computation

e Martin-L6f 1972: simplified C-R Theorem'’s proof

C SC 520 Principles of Programming Languages
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A-Calculus: History (cont.)

e Church 1932: Completeness of the A-Calculus

= N can be embedded in the A-Calculus
NEAFAXF(F(..(f X)..)

= Church 1932/Kleene 19%5: recursive definition
possible: F (1) =GA

F(n+1) =G(Fn)

Thm: F is A-definable”. F =AxxGA (1)

}K—C—G " "generd recursion”

« Check: F1=(AxXGAJ1 - 1GA - (A f AX TX)GA
- (AXGX)A - GA
F2 o 2GA - (AT Ax. T (X))GA
- (AXG(GX) A - G(GA)
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A-Calculus: History (cont.)

e Church-Rosser Thm (1936) = A-Calculus functions are
“computable” (aka "recursive”)

 Church’s Thesis: The effectively computable” functions
from N to N are exactly the “A-Calculus definable”
functions
1 a strong assertion about “completeness”; all programming
languages since are “complete” in this sense
e Evidence accumulated
= Kleene 1936: general recursive = A-Calculus definable
= Turing 1937: A-Calculus definable < Turing-computable
» Post 1943, Markov 1951, etc.. many more confirmations
= Any modern programming language
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A-Calculus: History (cont.)

 Is the untyped A-Calculus consistent? Does it have a
semantics? What is its semantic domain D?
= want “data objects” same as “function objects: since
AXMx =M = D=D"
- Trouble: impossible unless ODC=1 because | D |<|D° |4 D [P
= Troublesome self-application paradoxes: if we define
r=Ay.ify(y)=athenb esea
then 7(r)=1f r(r) =athenb esea
- Dana Scott 1970: will work if we have D =[D - D] the
monotone (and continuous) functions of DP
= Above example: Tis not monotone

rT(Ax.OF IfF athenbesea a
r(Axa) = ifa=athenbesea =b
Ax.OCAxa but alZb
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