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Random Events and Probability

Suppose we roll two fair dice…

Ø What are the possible outcomes?
Ø What is the probability of rolling even numbers?
Ø What is the probability of rolling odd numbers?

…probability theory gives a mathematical formalism to 
addressing such questions…

Definition An experiment or trial is any process that can be repeated 
with well-defined outcomes.  It is random if more than one outcome is 
possible.



Random Events and Probability

Definition An outcome is a possible result of an 
experiment or trial, and the collection of all possible 
outcomes is the sample space of the experiment,

Example (1,1), (1,2), …, (6,1), (6,2), …, (6,6)

Sample Space

Outcome

Definition An event is a set of outcomes (a subset of the sample 
space),

Example Event Roll at least a single 1
{(1,1), (1,2), (1,3), …, (1,6), …, (6,1)}



Random Variables

Suppose we are interested in a distribution over
the sum of dice…

Option 1 Let      be event that the sum equals i

Two dice example:

Enumerate all possible means of obtaining desired sum.  Gets 
cumbersome for N>2 dice…



Random Variables

Option 2 Use a function of sample space…

Example X is the sum of two dice with values,

(Informally) A random variable is a function that 
maps events to numeric values.

Example Flip a coin and let random variable Y 
represent the outcome,



Example



Random Variables and Probability

is the event that X takes the value x

Capitol letters represent
random variables

Lowercase letters are
realized values

Example Let X be the random variable (RV) representing the sum of two 
dice with values,

X=5 is the event that the dice sum to 5.



Example: Bernoulli Random Variables



Discrete vs. Continuous Probability

Discrete RVs take on a finite or countably infinite set of values
Continuous RVs take an uncountably infinite set of values

• Representing / interpreting / computing probabilities becomes 
more complicated in the continuous setting

• We will focus on discrete RVs for the moment…



Example
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Probability Mass Function

A function            is a probability mass function (PMF) of a discrete 
random variable X if the following conditions hold:

P (X)

(a) It is nonnegative for all values in the support,
P (X = x) ≥ 0

(b) The sum over all values in the support is 1,
∑

x

P (X = x) = 1

Intuition Probability mass is conserved, just as in physical mass.  
Reducing probability mass of one event must increase probability mass 

of other events so that the definition holds...



Probability Mass Function

P (X = x) =
1

6
forx = 1, . . . , 6

Example Let X be the outcome of a single fair die.  It has the PMF,

Example We can often represent the PMF as a vector.  Let S be an 
RV that is the sum of two fair dice.  The PMF is then,

P (S = s) =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

p(S = 2)
p(S = 3)
p(S = 4)

...
p(S = 12)

⎞

⎟

⎟

⎟

⎟

⎟

⎠

Uniform Distribution

Observe that S does
not follow a uniform

distribution



Example



Example

Hints:
Ø How many ways of selecting 2 laptops from a total of 20?
Ø How many ways of selecting 0, 1, or 2 defective computers out of 3?
Ø How many ways of selecting 0, 1, or 2 non-defective computers out of 

the remaining 17?



Graphical Representation



Cumulative Distribution Function

The cumulative distribution function (CDF) of a discrete random 
variable is defined as:

P (X ≤ x) =
∑

t≤x

P (X = t)

P (X ≤ x)



Joint Probability

Definition Two (discrete) RVs X and Y have a joint PMF denoted by    
              and the probability of the event X=x and Y=y denoted by
                            where,
P (X,Y )
P (X = x, Y = y)

(a) It is nonnegative for all values in the support,

P (X = x, Y = y) ≥ 0

(b) The sum over all values in the support is 1,
∑

x

∑

y

P (X = x, Y = y) = 1



Joint Probability

Let X and Y be binary RVs.  We can represent the 
joint PMF p(X,Y) as a 2x2 array (table):

Y

X
0.04  0.36

0.30  0.30

0 1

0

1

All values are nonnegative



Joint Probability

Let X and Y be binary RVs.  We can represent the 
joint PMF p(X,Y) as a 2x2 array (table):

Y

X
0.04  0.36

0.30  0.30

0 1

0

1

The sum over all values is 1:
0.04 + 0.36 + 0.30 + 0.30 = 1



Joint Probability

Let X and Y be binary RVs.  We can represent the 
joint PMF p(X,Y) as a 2x2 array (table):

Y

X
0.04  0.36

0.30  0.30

0 1

0

1

P(X=1, Y=0) = 0.30



Example

Two ballpoint pens are selected at random from a box that contains 3 
blue pens, 2 red pens, and 3 green pens.  If X is the number of blue 
pens selected and Y is the number of red pens selected, find the joint 
probability mass function P(X,Y).

Hint:
Ø How many ways are there of selecting 2 pens out of the total 8?
Ø How many ways of selecting X blue pens from 3?
Ø How many ways of selecting Y red pens from 2?
Ø How many ways of selecting the remaining number of green pens 

from 3?



Example

Answer: 1/36



Example

the joint probability P(X=1,Y=1). 

Answer: 18/70

Oranges Apples Bananas

Total Combinations
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Fundamental Rules of Probability

Law of total probability
P (Y ) =

∑

x

P (Y,X = x)

Proof
∑

x

P (Y,X = x) =
∑

x

P (Y )P (X = x | Y )

= P (Y )
∑

x

P (X = x | Y )

= P (Y )

( chain rule )

( distributive property )

( PMF sums to 1 )

• P(y) is a marginal distribution
• This is called marginalization



Fundamental Rules of Probability

P (X | Y ) = P (X,Y )
P (Y )

Given two RVs     and     the conditional distribution is:

By the law of total probability, we also have the definition:

P (X | Y ) = P (X,Y )∑
x
P (X=x,Y )

Note This definition of the conditional is largely consistent with what 
you have seen in terms of random events.



Tabular Method

P(x1)=P(x1,y1)+P(x1,y2)
P(x2)=P(x2,y1)+P(x2,y2)
 [i.e., sum across rows]

0.4

0.6
P(x2)

P(x)

P(x1)

Y

X
0.04  0.36

0.30  0.30

y1 y2

x1

x2

0.34 0.66

P(y2)P(y1)

P(y)

Let X, Y be binary RVs with the joint probability table

P(y1)=P(x1,y1)+P(x2,y1)
P(y2)=P(x1,y2)+P(x2,y2)
 [i.e., sum down columns]

For Binomial use K-by-K 
probability table.



Tabular Method

0.4

0.6
P(x2)

P(x)

P(x1)

Y

X
0.04  0.36

0.30  0.30

y1 y2

x1

x2

0.34 0.66

P(y1)

Censored!

We don’t care about 
event Y=y2

P(x|y1)=?



Tabular Method

X

Y=y1

x1

x2

0.34

P(y1)

P(x|y1)
0.04 / 0.34 
 
0.30 / 0.34 
 

These sum to one: 
A conditional probability distribution is 

still a probability distribution

0.04   

0.30   



Ø Independence is symmetric: if X is independent of Y then Y is 
independent of X

Ø Equivalent definition of independence:

Ø This must hold for all values    and   .    
Ø If for any values    and   ,

  then X and Y are dependent.
Ø Example: Rolling two dice, each die is independent of the other

Independence of RVs

Definition Two random variables    and    are independent if and only if, 

P (X = x, Y = y) = P (X = x)P (Y = y)

P (X = x, Y = y) != P (X = x)P (Y = y)

P (X | Y ) = P (X)



Example





Independence of RVs

Definition RVs                          are mutually independent if and only if,

P (X1 = x1, . . . , XN = xN ) =
N∏

i=1

P (Xi = xi)

In words: If a set of random variables is independent, then their joint 
probability is a product of their marginals.




